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The model, that is usually called Lugiato-Lefever equation (LLE), was introduced in 1987 with
the aim of providing a paradigm for dissipative structure and pattern formation in nonlinear optics.
This model, describing a driven, detuned and damped nonlinear Schroedinger equation, gives rise
to dissipative spatial and temporal solitons. Recently, the rather idealized conditions, assumed in
the LLE, have materialized in the form of continuous wave driven optical microresonators, with the
discovery of temporal dissipative Kerr solitons (DKS). These experiments have revealed that the
LLE is a perfect and exact description of Kerr frequency combs - first observed in 2007, i.e. 20
years after the original formulation of the LLE. - and in particular describe soliton states. Observed
to spontaneously form in Kerr frequency combs in crystalline microresonators in 2013, such DKS
are preferred state of operation, offering coherent and broadband optical frequency combs, whose
bandwidth can be extended exploiting soliton induced broadening phenomena. Combined with the
ability to miniaturize and integrate on chip, microresonator based soliton Kerr frequency combs have
already found applications in self-referenced frequency combs, dual-comb spectroscopy, frequency
synthesis, low noise microwave generation, laser frequency ranging, and astrophysical spectrometer
calibration, and have the potential to make comb technology ubiquitous. As such, pattern formation
in driven, dissipative nonlinear optical systems is becoming the central Physics of soliton micro-comb
technology.
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2I Introduction
One of the most fascinating classes of phenomena that arise in dissipative systems is the spontaneous gradual
formation of stationary spatial patterns from initial states that are spatially uniform. With the introduction of
the general concept of dissipative structure, Ilya Prigogine showed that such phenomena are ubiquitous in far from
equilibrium nonlinear open systems, whenever the onset of a Turing instability1 triggers the self-organization of the
system2. Thus, one meets this scenario in nonlinear dynamical systems of a wide variety of fields, encompassing
e.g. chemistry, hydrodynamics, biology , population dynamics, social sciences (see in this connection also Haken’s
Synergetics3).
In 1977 one of us (LL) spent a few months as a guest of Prigogine’s group. The book of Nicolis and Prigogine2
had just appeared, and this circumstance triggered a natural wish of formulating, in the framework of nonlinear
optics/photonics, a model that could play the same role of the Prigogine-Lefever model4, usually designated with the
name Brusselator, in the framework of nonlinear chemical reactions.
The case of optics is especially interesting in the vast domain of nonlinear dynamical systems. Prigogine himself
underlined that in optical systems the nonlinear dynamics is governed by the fundamental laws of radiation-matter
interaction. Other two main reasons are the following5. First, optical systems can exhibit a fast dynamics and can
operate over very large frequency bandwidths, and these features have led to relevant practical applications, especially
in telecommunications. The second reason is that they can exhibit relevant quantum effects, without need for reducing
the temperature to extremely low values. Thus, they lend themselves naturally for the implementation of quantum
technologies.
The aim of formulating an optical model for pattern formation, with the same level of paradigmatic simplicity of
the Brusselator, materialized in 1987, with the introduction of the equation formulated in collaboration with Renè
Lefever6. In the following we will indicate it as the LLE.
From a mathematical viewpoint, the LLE amounts to a damped, driven nonlinear Schrödinger equation with
detuning. From a physical standpoint, the main criterion followed to construct the LLE was that of maximum
simplicity. Thus the choice of the nonlinearity led to the selection of the cubic Kerr nonlinearity, which allows for
formulating a self-contained equation for the slowly varying envelope of the electric field only. The Kerr medium
is assumed to be contained in a high-Q ring cavity driven by a continuous wave (CW) field. The use of the low
transmission limit7 allows for formulating a model which does not involve the spatial longitudinal variable z along
which light propagates. Hence the original model introduced in6 describes the spontaneous onset of stationary patterns
in the transverse planes x− y, orthogonal to the propagation direction. In this case pattern formation arises from the
combination of the Kerr nonlinearity and of diffraction of radiation, similarly to the case of the Brusselator, in which
pattern formation is produced by the combination of the nonlinearity and of diffusion of the two chemicals in play.
2D patterns involve both transverse variables x and y, whereas 1D patterns involve only one transverse variable, say
y. An especially important class of patterns is given by cavity solitons7.
Some years after the introduction of the LLE, Haelterman et al.8 formulated the temporal/longitudinal version
of the LLE. The main step to do that was to replace diffraction by group velocity dispersion, i.e. to substitute the
Laplacian with respect to the transverse variables x and y, which describes diffraction, by the second derivative with
respect to the retarded time in the cavity, which describes dispersion. Thus the LLE of8 involves as independent
variables the time t and the retarded time τ = t − z/vg, where vg is the group velocity. Hence it describes the
spontaneous formation of spatial patterns (and cavity solitons) in the longitudinal direction z, while the field envelope
remains uniform in the transverse plane x − y, whereas in the original LLE of6 patterns and solitons develop in the
transverse plane, and the field envelope remains uniform in the z direction of the cavity. The longitudinal patterns
of8 propagate along the cavity with velocity vg, and for this reason they are temporal/longitudinal patterns.
From a mathematical viewpoint, however, the temporal/longitudinal version of the LLE is fully equivalent to the
transverse LLE in 1D.
Two relevant remarks are in order. The first is that the work9 formulated a longitudinal LLE equivalent to that of8,
deriving it from the Maxwell-Bloch equations (MBE)7 in the dispersive limit. The detailed derivation can be found
in10.
The second remark is related to the topic of optical bistability. It is well known that a driven cavity containing
a Kerr medium exhibits bistability11. Phenomena of spontaneous pattern formation along a ring cavity driven by
a cw field, with the same scenario offered by the longitudinal LLE, have been previously studied in the framework
of the multimode instability of optical bistability predicted in12,13 by using the MBE, and experimentally observed
later in Ref.14. Hence, on the basis of the analysis of Refs.9 and10 we see that the instability of the longitudinal
LLE model can be considered as a special case of the multimode instability of optical bistability. However, in the
parametric conditions which characterize the longitudinal LLE, the number of longitudinal cavity modes activated by
the instability is typically much larger than in the case of Refs.12,13, a feature which is important with respect to the
phenomenon of broadband Kerr frequency combs that we are going to address.
Let us now make a temporal jump to the new century. Optical frequency combs constitute an equidistant set of
3laser frequencies that can be employed to count the cycles of light, a technique introduced and developed by Theodor
Hänsch and John Hall. Their realization using mode-locked lasers15,16 introduced a revolution in the ability to measure
optical frequencies, and enabled optical atomic clocks, precision measurements of fundamental constants, as well as
advances in many other areas including spectroscopy, distance measurements or time transfer. In 2007 Del’Haye
et al.17 demonstrated the realization of broadband optical frequency combs exploiting the whispering gallery modes
activated by a CW field driving a high-Q microresonator containing a Kerr medium. This result broke with the
conventional thinking that combs can only be generated by a mode locked pulsed laser source (as exemplified e.g.
by the anonymous peer reviewer expressing: "In these Kerr-combs, there is no mechanism to force the comb lines
to be perfectly spaced, unlike a mode-locked laser where the mode-locking mechanism forces the lines to be phase
locked to one another"). In the present case, the broadband optical frequency comb is generated by the complex
four-wave mixing (FWM) processes induced by the interaction between the monochromatic driving field and the Kerr
medium. The possibility to synthesize microresonator based frequency combs whose bandwidth can exceed an octave
with repetition rates in the microwave to THz domains offers substantial potential for miniaturization and chip-scale
photonic integration, as well as power reduction offers access. These characteristics have led to substantial research
activity. Today, Kerr frequency comb generation is a mature field, and the technology has been applied to numerous
areas, including coherent telecommunications, spectroscopy, atomic clocks as well as laser ranging and astrophysical
spectrometer calibration. A key impetus to these development have been dissipative Kerr solitons, which are low
noise operating states in Kerr combs, offering coherence, and the ability to achieve substantial bandwidth via soliton
induced Cherenkov radiation18,19.
The link between the topic of Kerr optical frequency comb generation and the mean field LLE was theoretically first
developed by Matsko20,21. While the majority of early work in the field focused on the frequency domain representation
of four wave mixing via coupled mode equation, this work introduced a mean field model in the temporal domain.
This important theoretical insight did not lead directly to new experimental advances as neither exact conditions
for soliton formation in microresonators were known, nor experimental evidence were observed. First evidence for a
new operation regime appeared in 2012, when it was observed that in microresonators made from Si3N4 a transition
from state containing multiple subcombs to a low phase noise state is possible22. Using crystalline resonators, single
(and multiple) dissipative Kerr solitons were unambiguously and stably accessed in a crystalline microresonators for
the first time in 2014. The link with correct expression for the soliton parameters was first given in 2012 in the
arXiv version23 of paper24. The derivation was based on a paper by Wabnitz25, who utilized earlier results obtained
by Nozaki with Bekki26 and by Kaup with Newell27 for the damped, driven nonlinear Schrödinger equation in the
framework of plasma physics. Though in21 the link appeared possibly the earliest, the crucial importance of the
effective laser pump detuning as a free parameter was not recognized there. Later work noted the rigorous connection
to the LLE, in particular the work by Chembo et al.28,29, and Coen et al.30.
These authors showed that the LLE (or generalizations including higher order dispersion terms) is the model which
describes the generation of Kerr frequency combs and is capable of predicting the properties of Kerr combs when the
system parameters, notably the laser detuning, are varied. The spontaneous formation of spatial patterns traveling
along the cavity, described by the LLE, is the spatiotemporal equivalent of the frequency combs and governs their
features. The rather idealized conditions assumed in the formulation of the LLE have been perfectly materialized
by the spectacular technological progress that has occurred in the meantime in the field of photonics and has led,
in particular, to the discovery of Kerr frequency combs. A surprising and beautiful conspiracy is that while thermal
effects make the access to the soliton state unstable, the same thermal effect stabilizes the soliton state indefinitely
once they are accessed.
Experimentally observed combs have been compared with simulations by the LLE e.g. in22,30–33. The analytic
expression for the soliton formulated in23 has been proven capable of approximating very well both numerical simu-
lations of the LLE and experimental data; the special case of this expression, in which the background of the soliton
is neglected, was utilized later in32.
The mechanism that lies at the root of the multimode instability of optical bistability, as well as of the instabilities
of the longitudinal LLE model, is that under appropriate parametric conditions the cw driving field can create gain
in longitudinal cavity modes different from the one with which the injected field is quasi-resonant. Hence, even if
the system is passive, in the sense that it does not display population inversion, the driving field induces gain in
side-modes of the resonant mode, and the gain originates the instability, the traveling pattern and the pulsed output.
Therefore the system is definitely active with respect to the side-modes, and represents a source.
Reviews of the field of Kerr combs can be found in34–38.
In Sec.2 we describe the long history of the LLE, adding all the relevant details to what is already discussed in the
introduction. In Sec.3 the experimental development of the Kerr frequency combs towards solitons is described. Sec.
4 discusses dissipative Kerr solitons in photonic integrated microresonators. Some conclusions are drawn in the final
section.
4II Motivation and history
A. The formulation of the LLE
The Brusselator model4 consists in two coupled nonlinear equations that describe the interaction of two reactants
in an open environment. The joint action of nonlinearity and diffusion produces the formation of Turing patterns,
which are described in 2D, because the system is contained in a vessel which has large dimensions in the directions x
and y, and negligible dimension in the direction z, so that the variable z does not appear in the model.
Figure 1. A transverse pattern may arise when a broad section coherent beam interacts with a nonlinear medium.
In the case of optics, the coordinates x and y are those which span the planes orthogonal to the propagation direction
z (see Fig. 1). The role of diffusion is played by diffraction which, in the par-axial approximation, is described by a
term proportional to the transverse Laplacian (multiplied by the imaginary unit) of the electric field envelope, while
diffusion is described by terms proportional to the transverse Laplacian of the concentration of the reactants. The
complex field envelope E(x, y, z, t), where t denotes time, is related to the electric field (assumed linearly polarized)
E(x, y, z, t) as it follows:
E(x, y, z, t) = 1
2
E(x, y, z, t) exp[−iωp(t− z/c)] + c.c. , (1)
where ωp is the frequency of the input field and c is the light velocity in the medium.
The starting point for the formulation of the LLE was the system of partial differential equations corresponding to
the MBE7, which describe the dynamics of the electric field envelope coupled to that of a system of two-level atoms.
In order to reduce to a set of two equations like the Brusselator, one must assume parametric conditions that allow for
the adiabatic elimination of the atomic variables. In this way one obtains a self-contained equation for the complex
field envelope E, which amounts to two real equations. However, a glance at Fig. 1 shows that in optical systems
the laser field propagates in the longitudinal direction z which, therefore, cannot be ignored. Let us consider, for the
sake of definiteness, the case that the nonlinear medium fills a ring cavity. The field propagates in the cavity with a
characteristic time, the cavity roundtrip time L/c, where L is the length of the ring, and this time is the inverse of
the free spectral range of the cavity. The propagation of the field must be calculated for a large number of roundtrips
and, even if the dynamics can be reduced to an Ikeda map39, the first models which were used to describe transverse
diffractive pattern formation40,41 were far from the simplicity of the Brusselator.
The way out to solve this problem is provided by the so-called low transmission limit or high-quality (high-Q) cavity
limit, which is described in detail, for example, in Refs.7 and10. If, in addition to this limit, one assumes that only the
cavity mode that is closest to resonance with the input field has a nonzero amplitude (singlemode limit), one has that
the field envelope becomes uniform along the cavity, so that it varies only with respect to time and to the transverse
5variables x and y, while the longitudinal variable z becomes irrelevant as in the Brusselator. Contextually, in this
limit the time scale of the dynamics is no longer the cavity roundtrip time, but the cavity decay time L/cT , where
T is the transmissivity coefficient of the cavity mirrors which is very small in the low transmission limit, so that the
cavity decay time is much longer that the roundtrip time. This longer time coincides with the inverse of the cavity
linewidth.
The adiabatic elimination of the atomic variables leads to a saturable nonlinearity, in which the nonlinear term has
the form Ef(|E|2), where the function f can be expanded in Taylor series of |E|2 and includes all even powers of |E|2.
Here, continuing to follow the criterion of maximum simplicity, one keeps only the linear term in |E|2, so that the
nonlinear term that appears in the equation has the cubic form E|E|2, that is typical of Kerr media. In conclusion
the LLE, derived in the way we have described above, involves the following terms: the time derivative, the transverse
Laplacian which describes diffraction, the Kerr nonlinear term, a term which describes the driving input field and two
terms related to the ring cavity:
∂E
∂t
= F − E − iαE + i|E|2E + i∇2⊥E , ∇2⊥ =
∂2
∂x2
+
∂2
∂y2
. (2)
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Figure 2. Plot of the stationary curve (3) for F 2 = 4. The broken line with negative slope is unstable. When the detuning
parameter α is varied, the system covers a hysteresis cycle.
In Eq. (2) E and F (the input field amplitude) are appropriately normalized in order to reduce to the minimum the
number of parameters which appear in the model6,7. The time t is normalized to the cavity decay time, the spatial
variables x and y are normalized to the diffraction length in the cavity10. We have assumed to be in the self-focusing
case. In the r.h.s of Eq. (2) the first term introduces the input field, the second describes the escape of photons
from the cavity, the third is a detuning term, with α = ω0−ωpcT/L where ω0 is the cavity frequency closest to the input
frequency ωp. Assuming that the input field F is real, the homogeneous (∇2⊥E = 0) stationary (∂E/∂t = 0) solutions
of Eq. (2) obey the cubic equation
F 2 = |E|2
[
1 +
(
α− |E|2)2] . (3)
Figure 2 shows the stationary curve of the normalized transmitted intensity |E|2 as a function of α for the fixed value
F 2 = 4 of the normalized input intensity. There is a range of values of α for which one has three stationary solutions,
6but the intermediate solution which lies in the negative slope portion of the curve is unstable. Therefore in that range
the system is bistable and, if the value of the detuning parameter is swept forth and back for fixed input intensity,
one covers a hysteresis cycle.
The linear stability analysis of the homogeneous stationary solutions6,42 demonstrates that under appropriate
parametric conditions, one or more segments of the stationary curve with positive slope are unstable, and this
circumstance opens the possibility of the spontaneous formation of stable stationary Turing patterns. Let us focus
first on the 1D case of one transverse direction, neglecting the transverse variable x and replacing the transverse
Laplacian in Eq. (2) by the second derivative with respect to y.
The Kerr nonlinearity corresponds to a process of FWM. A simple possibility is that two input photons injected
in the longitudinal direction z get absorbed by the medium, and simultaneously the system emits two photons
which propagate in symmetrically tilted directions with transverse component of the wave vector equal to k and −k,
respectively. Thus the envelope E takes the typical sinusoidal configuration
E(y) = Est + σe
iφ+eiky + σeiφ−e−iky = Est + 2σ cos
(
ky +
φ+ − φ−
2
)
exp
(
i
φ+ + φ−
2
)
, (4)
where Est denotes a homogeneous stationary solution. A circumstance of outstanding importance is that the two
symmetrically tilted photons are in a state of quantum entanglement (for example their energy and momenta are
strongly correlated at the quantum level). The difference between the number of photons emitted in the two directions
is squeezed, i.e. exhibits fluctuations below the shot noise level. This effect, theoretically predicted in43, has been
recently observed experimentally in a Kerr ring microcavity44, in a longitudinal configuration corresponding to the
temporal/longitudinal LLE that will be discussed in subsection IIC of this section. This kind of quantum aspects are
fundamental for the field of quantum imaging45,46.
B. 2D patterns and spatial cavity solitons
Let us now turn to the 2D configuration considering both transverse variables x and y. In this case Eq. (4)
corresponds to a roll (i.e. stripe) pattern. However, as shown in47, in 2D the roll pattern is unstable, and further
FWM processes give rise to a hexagonal pattern. References48,49 analyzed the scenario of hexagonal structures that
arises as parameters are varied; in many cases the pattern exhibits a dynamical (chaotic) behavior (see Fig. 3)
Figure 3. Time evolution of the field of an unstable hexagonal pattern. The time increases from left to right. At the end one
has a chaotic situation. Reprinted figure with permission from50. Copyright (2007) by the American Physical Society.
In the general field of spatial pattern formation, one usually considers patterns which are formed by elements well
correlated to one another. However, one meets also the case of localized structures, formed by one or more elements
that are independent provided that they are not too close to one another51. In the framework of nonlinear optics
localized structures were first predicted by Tlidi et al. in52, and they are usually called spatial cavity solitons. This
kind of solitons were analyzed in the framework of the LLE in50,53 (see Fig. 4). In50 it is also shown that, when the
input intensity is increased, the soliton starts breathing, i.e. its peak intensity oscillates in time. Reviews on spatial
cavity solitons can be found in54,55.
Figure 5 shows the procedure to generate cavity solitons using nonlinear optical resonators. A coherent and
stationary holding beam is injected into the cavity, and in order to create solitons one injects also short and narrow
writing pulses. Subsequently, the solitons can be erased individually by injecting again the writing pulses with an
opposite phase. The possibility of writing and erasing cavity solitons, and also of controlling their position by means
of phase and amplitude gradients in the holding beam, makes them interesting in view of possible applications54,55.
7Figure 4. A typical Kerr cavity soliton, showing a bright peak on a darker homogeneous background with a few weak diffraction
rings. Reprinted figure from reference53 with permission from the Optical Society of America.
Figure 5. A coherent, stationary, quasi plane-wave holding beam drives the optical cavity containing a nonlinear medium. The
injection of narrow laser pulses creates persistent localized intensity peaks in the output (cavity solitons).
Because of its simplicity, the LLE has been even called the “hydrogen atom”of nonlinear cavities56. However, the
first experimental observation of cavity solitons has been realized using broad area vertical-cavity surface-emitting
semiconductor lasers below threshold57, which are theoretically described by a model more complex than the LLE,
because it includes the time evolution of the carrier density of the semiconductor7.
C. The temporal/longitudinal version of the LLE
In formulating the temporal/ longitudinal version of the LLE the authors of8 extended to the dissipative case of
cavity solitons the analogy between two kinds of Hamiltonian solitons: spatial solitons and temporal solitons. The
principal step was to replace the 2D transverse Laplacian that appears in Eq. (2) and describes diffraction with the
8second derivative with respect to the retarded time in the cavity which describes dispersion. We write the equation in
a form basically equivalent to that of Refs.28,29, which is commonly used in the literature on Kerr frequency combs:
∂E
∂t
= F − E − iαE + i|E|2E − iβ
2
∂2E
∂θ2
, (5)
where the cavity is assumed to be a ring of radiusR, the angle θ is defined as θ = z/R and β = − (L/TR2) (∂vg/∂ω)ω=ω0 ,
with vg being the group velocity of light. An important point is that, once solved Eq. (5) with periodic boundary
conditions in the interval −pi ≤ θ ≤ pi, in the solution E(θ, t), θ must be replaced by (θ − (vg/R)t), which means
that the spatial pattern rotates along the cavity with velocity vg. In the case of anomalous dispersion β < 0 Eq.
(5) has the same form that Eq. (2) has in the 1D case. Therefore all results obtained from the transverse LLE
(2) hold, with the appropriate changes in notations, for the temporal/longitudinal LLE (5). This equation can be
applied both to the case of fiber ring cavities as in30,32, and to whispering-gallery mode microresonators discussed
in17,21,24,28,29,31,58–60 and integrated microrings18,61–66. It is appropriate to mention that the majority of literature
on Kerr combs uses frequency domain picture, and not time domain (see Fig.6). This is a natural frame to describe
the threshold of parametric oscillations, as well as combs with few comb lines.
Frequency Domain Time Domain 
time
E(t)
Δϕ0
1/frep
frep|E(ν)|2
0
f0
RF optical frequency
a b
Figure 6. Time and frequency domain picture of mode-locked frequency combs. A periodic train of pulses with a repetition
rate frep (panel a) correspond to an optical frequency comb spectrum of equidistant lines in the frequency domain (panel b).
The line spacing is given by frep. The offset f0 of the frequency comb spectrum relates to the carrier-envelope phase shift ∆φ0
between two consecutive pulses via f0 = frep · ∆φ0/(2pi).
Sinusoidal-like longitudinal/temporal Turing patterns, corresponding to the transverse patterns described by Eq.
(4), i.e. continuous wave driven modulation instability, has been first experimentally observed in67,68. In these
experiments a long fiber loop cavity was employed, which can demonstrate modulation instability, provided high
finesse, with a continuous wave pump laser. From a viewpoint of the underlying four wave mixing process, this
corresponds to parametric oscillations. Parametric oscillations, i.e. modulation instability were observed in optical
microresonators for the first time in 200469,70 by work from Caltech and JPL in Pasadena. The advance that allowed
this process, deriving from the weak third order nonlinearity, to be observed were the high optical Q-factors of
the cavity. In contrast to conventional lasers, the threshold power for parametric oscillations scales with V/Q2 (V
is the effective mode volume), allowing therefore for substantial power reductions, making it possible to observe
the effect with micro-Watt pump powers. Parametric oscillations can also be used to generate optical frequency
combs17. In 2007, it was shown that such parametric oscillations enable to generate an optical frequency comb. This
work demonstrated a new method to generate combs directly from a continous wave laser via parametric frequency
conversion. In this work a toroid microresonator71 was used, and the equidistance proven by using a fiber laser
frequency comb to establish the equidistance between the widely (THz) spaced comb teeth.
In later, independent work, using macroscopic bulk optical fiber cavities, it was possible to enter the regime where
cavity solitons are supported. This was established in Ref.72 by using two pump fields: a strong CW pump laser as
well as short optical pulses, that seeded the soliton formation In this manner a temporal cavity soliton (now typically
referred to as dissipative Kerr soliton, DKS) was generated72. Using fiber cavities, also allowed observing breathing
temporal solitons73, and temporal tweezing of solitons74. Pattern formation in fiber-ring resonators is analyzed also
in75. This early work on fiber cavities also speculated that Kerr combs in microresonators may actually be DKS -
which however is not the case. Indeed, early generated comb spectra corresponded to early stationary modulational
instability (MI) states also known as periodic Turing patterns28,29 that appear at effective blue detuning of the laser
from resonance. In contrast, as is now well understood, DKS only form for the laser being effectively red-detuned.
Such red detuned operation is conventionally unstable in optical microresonators due to the thermal effect76. DKS
were discovered and stably generated only in 2012 in micro-resonators by the work of T. Herr24, by overcoming the
9Figure 7. Panel (A): First observation of DKS formation in the laser scan across a crystalline resonator. The effectively blue
detuned side (measured via a Pound-Drever Hall error signal) corresponds to modulation instability (MI), and gives rise to low
coherence combs in the case of crystalline microresonators, as witnessed by a repetition rate that exhibits broad beat notes and
satellite peaks, as shown in Panel (C). Strikingly, when detuning to the effectively red detuned side, which is conventionally
unstable due to the thermal effect, a series of discontinuous steps occur, which have equal heights. These steps as has later
been shown via simulations and experiments correspond to different number of DKS in the microresonator. Figure adapted
from T. Herr, Nature Photonics, 2014.
associated thermal instabilities. In this work it was observed that when scanning across the resonance of a crystalline
optical microresonators, a series of discrete steps appeared (see Fig. 7).
Experiments proved that these discontinuous, and remarkably regular discrete transmission steps, occurred on the
red-detuned side of the cavity resonance, and were associated with a low noise comb state. Early work demonstrated
the coherence via transient measurements of the comb’s beat note. Using optimized laser scans it was possible to
generate continuously circulating dissipative Kerr solitons, corresponding to femtosecond pulses with repetition rates
in the GHz to THz regime. These developments are reviewed in the next section.
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III Kerr frequency combs
The statement of Arthur Clarke that "any sufficiently advanced technology is indistinguishable from magic" can be
related to microcomb technology as well. The formation of femtosecond optical solitons, corresponding to ultrastable
broad frequency combs, self-organized from chaotic parametric oscillations in a continuous-wave driven micro-scale
resonator, containing various imperfections of its mode structure, arguably can be perceived as a miraculous effect.
In particular, when taking into account the almost indistinguishable real experimental spectra from idealized theory
and simulations33. (see Fig.8 as an example) This perfect matching and ease of experimental verification provide an
intriguing playground for the theory, forcing many scholars specializing in nonlinear optics and solitons to join this
area. For experimentalists and applied physics, accustomed that high precision especially for metrological applications
usually means bulky and heavy equipment, solitons in microresonators provide a promising alternative.
Figure 8. Evolution of Kerr frequency comb generation in microresonators, as studied by two of the authors (TJK, MG).
Panel (A) shows the first demonstration of an optical frequency comb in an toroid microresonator, as demonstrated in Del
Haye, Nature, 2007. This work demonstrated an equidistant optical frequency comb generated from an ultra high Q toroid
microresonator via parametric interactions. The work demonstrated the equidistance to 1 part in 1017 by comparison with a
fiber laser frequency comb. Panel (B) shows the spectrum in which a transition from high to low phase noise was observed in
a (low quality factor) Si3N4 photonic integrated optical microresonator (T. Herr, Nature Photonics, 2012). This work showed
that the high noise states could be overcome. Panel (C) shows the first spectrum of a stably accessed dissipative Kerr soliton
in a crystalline resonator, which formed from a low coherence Kerr frequency comb.
High quality-factor (Q) optical microresonators with whispering-gallery modes since their discovery by Braginsky
and co-workers in 198977 have long been considered promising for their nonlinear optical properties. The third order
Kerr-nonlinearity, in particular, can initiate parametric oscillations in an optical microresonator. In this four-wave
mixing process two pump photons are converted to one signal and one idler photon. This parametric conversion
(sometimes also called hyper-parametric to distinguish it from better known three-photon parametric oscillations
associated with the second order optical nonlinearity), though being described in nonlinear optics long ago78, has
been observed in ultra high-Q toroidal fused silica and crystalline resonators only in 200469,70. In these experiments
the pump generated signal and idler sidebands. This process was accessed at very low threshold powers, which is
explained on grounds that the threshold power for parametric oscillations scales as Veff/Q2, where Veff is the effective
mode volume. This is in contrast to conventional lasers. In 2007 it was discovered that parametric oscillations in
optical microresonators17 give rise to optical frequency combs (see Fig. 8). By bridging the large (THz) mode spacing
of the microresonators comb with a conventional fiber laser frequency combs, initial work demonstrated that "Kerr"
frequency comb generated in optical microresonators are equidistant to 1 part in 1017, proving thus unambiguously
the comb structure. These experiments therefore demonstrated that a frequency comb can be generated with the
Kerr nonlinearity and FWM, and broke with the dogma that optical frequency combs require a pulse forming mode
locking mechanism. Moreover these experiments revealed that, contrary to the widely held expectation (based on
modulator frequency combs), the phase noise does not cascade and does not degrade coherence in the spectral wings
of the combs. The surprising cascading and proliferation of excited modes associated with FWM was demonstrated to
lead to a broadband series of optical lines equidistantly spaced in the optical frequency domain, i.e. an optical "Kerr"
frequency comb. Shortly thereafter, it was moreover shown that such Kerr combs can also operate with electronically
detectable repetition rates in the microwave domain79, and both carrier envelope offset frequency and mode spacing
can be controlled via the pump laser and pump power, thereby offering full control over the comb spectrum. In
the subsequent years, Kerr-combs were demonstrated in progressively growing number of micro-resonator platforms,
including crystalline resonators80, CMOS compatible integrated platforms with microring resonators such as silicon
nitride (Si3N4)81–83, Hydex glass84, as well as aluminum nitride63 or diamond85 or high-Q silica microdisks86. However,
it was observed that in experiments involving broadband comb formation, that the coherence of the comb spectrum
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Figure 9. Subcomb formation in optical microresonators. Panel (A) shows formation of primary sidebands, that cover several
free spectral ranges from the pump laser. Panel (B) show the formation of secondary sub-combs via a combination of non-
degenerate four wave mixing processes. This produces sub-combs with the same repetition rate, but different off-set frequencies.
Panel (C) shows how subcomb formation can lead to the situation where more than one comb line occupies a cavity resonance,
leading to a high noise repetition rate beat note. Panel (D) shows how the low coherence state in the previous panel can
undergo a transition and form a single DKS soliton state.
was lost79. This effect was studied in detail in SiN and crystalline resonators22, where it was shown that the loss
in coherence is related to the comb formation process, specifically due to the formation of sub-combs, as outlined in
Figure 9.
In case the mode-proliferation does not occur via FWM on sidebands close to the pump, the FWM leads to
the formation of sub-combs. This subcomb formation was studied and observed experimentally, by reconstructing
every absolute frequency of a SiN and crystalline Kerr frequency comb22. Although crystalline resonators feature
exceptionally high Q, their low dispersion makes them susceptible to subcomb formation. Likewise the low Q factor
of SiN microresonators leads to comb initiation via subcomb formation. Pumping the resonator stronger will lead to
the merging of subcombs, and the highly counter intuitive situation where more than one single comb line occupy
a resonator mode. In this case the beat note exhibits multiplets, which can merge into a broad beat note. This
behavior has been the case for virtually all optical microresonator combs, except comb formation in devices where the
accumulated dispersion is sufficiently large to exceed the cavity decay rate, as in initial work by Del’Haye17. Indeed,
many of the coherence criteria such as the repetition rate beat note, are not sufficient as indicator of a coherent comb
state, as the pump laser dominates the beat note. Although not explicitly mentioned, many reported frequency combs
are operating in the low coherence regime. While these observations led the initial enthusiasm to cool down, it was
found that there are states that despite subcomb formation can lead to coherent combs. One such states was reported
in SiN and referred to as δ −∆ matching, indicating that once the subcombs are separated by an integer multiple of
the sub-comb spacing a low noise state can emerge. The transition is show in Figure 10.
This work showed that therefore coherence is attainable in platforms that are fully chip-integrated and proceed
with sub-comb formation. Such low phase noise states were later also observed in silica disks87 and in the case of SiN
microresonators62, evidence of pulse formation observed.
It was early understood that in the mean field approximation the system is described by the LLE28,88, which implies
that that temporal dissipative solitons have to be present in microresonators25–27,89. Dissipative temporal solitons
have been first generated and studied in analogous system with fiber loop cavity pumped by a continuous wave laser in
2010 by Leo et al.72. In these experiments however, in contrast to the microresonator case, the solitons were externally
seeded and injected via a pulsed pump72. Although these experiments conjectured that Kerr comb formation may be
due to dissipative soliton formation, such solitons were only observed several years later, and the original speculation
turned out to be not correct as Kerr combs, in the form as those reported by Del’Haye, are Turing patterns, or
stable MI combs. An outstanding question in the study of Kerr combs was, however, how to achieve a dissipative
soliton under continuous pumping. External seeding, as used in fiber cavities is challenging for microresonators with
high repetition rate. Though some publications claimed that chaotic Kerr frequency combs formed by CW pump may
undergo DKS formation22,62, methods to reach the single DKS state were only later developed. A surprising discovery
were steps in the resonators transmission spectrum, which were shown in transient measurements to coincide with
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Figure 10. Transition to low phase noise in an integrated optical SiN microresonator frequency comb (adapted from T. Herr,
Nature Photonics 2012). Panel A shows the optical spectra of the generated Kerr frequency comb. Panel (B) shows the relative
absolute optical frequency. In this representation a horizontal line corresponds to a equidistant optical spectrum. A transition
of the comb is occurring that enforces the subcombs, that are initially exhibiting a different relative offset frequency (left panel)
to synchronize and form a regular section of equally spaced comb lines (right panel).
regions of low phase noise, where the RF beat note collapses to a single narrow line. Keys answers of this behavior
came from numerical simulations, that remarkably, predicted a similar step-like behavior. The first data, is shown in
the figure 11.
Several approaches have been proposed for the theoretical analysis of parametric oscillations and frequency
combs21,69,88,91–93. Besides description in the time domain the modal expansion approach in the frequency domain35,93,94
was found to be particularly useful in the context of microresonators as it allows easily to take into account particu-
larities in the mode structure, such as avoided mode crossings.
The modified system of coupled mode equations in a dimensionless form developed for22(see the Supplementary
Information) reads:
∂aµ
∂τ
= −[1 + iαµ]aµ + i
∑
µ′,µ′′
aµ′aµ′′a
∗
µ′+µ′′−µ + δ0µF. (6)
Here aµ can be interpreted as the slowly varying amplitude of the comb modes close to the mode frequency ωµ and
τ = κt/2 denotes the normalized time (κ is the energy damping rate), δ0µ is the Kronecker delta. The quantity
αµ = 2(ωµ − ωp − µD1)/κ is a formal measure of detuning defined by the cold resonance frequencies ωµ and an
equidistant D1 = 2pifrep-spaced frequency grid. In the dimensionless form all frequencies, detunings and magnitudes
are measured in units of cold cavity resonance linewidth so that |aµ|2 = 1 corresponds to the nonlinear mode shift
of half a cold resonance width, which also corresponds to both single mode bistability and degenerate oscillations
thresholds. Though (6) is a modified version of the one derived from the Maxwell’s equations93 it is also directly
related to the temporal LLE (5) if only the second order dispersion is present ωµ = ω0 +D1µ+ D22 µ
228 and may be
considered as its discrete Fourier transform.
The numerical simulation using (6) of a comb formation in a dynamical regime, corresponding to usual experimental
protocol, when α(t) is slowly varied from blue (α < 0) to red (α > 0) detuned regime, endeavored by one of the authors
(MLG) revealed a surprising behavior (Fig.11). After the pump frequency is tuned further after the comb is formed,
the internal power drops but not to the very low background level (as on Fig. 2) but on an intermediate growing
flat steps, characterized by an instant reduction of noise. These steps were identified as corresponding to an integer
number of circulating solitons. These numerical observations were in agreement with experimental observations in a
crystalline MgF2 resonator.
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Figure 11. Surprising behavior of the microcavity resonance upon slow laser frequency scan. The internal power (light green)
upper curve after reaching chaotic regime at large red detuning demonstrates step-like behavior. Each step corresponds to low
noise soliton state with an integer number of solitons circulating round in the microresonator. Multiple color lines demonstrate
magnitudes of different comb lines. The difference between the chaotic state and soliton states is clearly visible. Upper
insets demonstrate corresponding waveforms calculated at time slices marked by green arrows. The figure is taken from the
presentation90 (2 Oct. 2011). The bottom-right photo inset – is the first experimental observation of soliton steps (EPFL, 12
Aug. 2012)
The emergence of the steps may be explained by referring to the cavity bistability curve that describes the power
inside the cavity in dependence of the pump laser detuning. When approaching the cavity resonance from the blue
detuned side (laser frequency is higher than the resonance frequency and correspondingly laser wavelength is shorter
than the resonance wavelength) the intracavity power will increase. This increase of intracavity power will then, due
to the Kerr-nonlinearity, effectively shift the resonance frequency towards longer wavelength. As the laser detuning is
further decreased the intracavity power will steadily increase (upper branch on the bistability curve), until the highest
possible power is reached at the point of effective zero-detuning. Beyond this point (now effectively red-detuned) the
intracavity-power will steeply drop to a much lower value (lower branch on the bistability curve) as the Kerr-nonlinear
resonance shift vanishes (cf. Figure 12).
Exactly at this transition to red detuning temporal DKS can emerge from the noisy intracavity waveform. It
is important to note that the differentiation between red and blue detuning was not made in the mathematical or
numerical simulation literature on dissipative Kerr solitons, nor on experiments with fiber cavities, but only made
later with the experimental observation of DKS. In these experiments measurements of the effective detuning were
made from the Kerr nonlinearity shifted resonance, via a Pound-Drever-Hall error signal, which enabled differentiating
the bi-stable regime (cf. Figure 7).
In this case the formation of a high peak power soliton pulse will cause an additional Kerr-frequency shift such that
the part of the pump light that sees the soliton pulse (i.e. co-propagating with the soliton inside the cavity) follows
now a second bistability curve (figure 12). The result is a second power drop at a larger detuning when the soliton
vanishes. The transition from chaos to solitons is illustrated in Fig.14 simulated with LLE, which clearly demonstrates
all the phases of this transition upon laser frequency tuning.
This surprising finding stimulated the two authors (MLG and TJK) with T. Herr to intensify the quest for DKS
in crystalline MgF2 microresonators, following the observations of the idealized numerical simulations. The first
steps were observed a year later (photo inset in Fig.11) and convincing spectral and temporal profiles were obtained
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Figure 12. The Kerr-nonlinear resonance can be described by bistability curves where the upper branch solution corresponds to
high and the lower branch solution to low intracavity power (see also Fig. 2). When tuning into the resonance with decreasing
optical frequency (increasing wavelength) the intracavity power follows the upper branch of the Kerr-bistability curve. After
the transition to a soliton state the major fraction of the pump light is described by the lower branch of the bistability curve.
The fraction of the pump light that propagates with the soliton inside the microresonator experiences a larger phase shift and is
effectively blue detuned on the upper branch of another bistability curve. The extent of the “soliton bistability curve" towards
longer wavelength depends on the peak power of the solitons (i.e. the maximal nonlinear phase shift), the relative height of the
curve depends on the relative fraction of the pump light that is affected by the high peak power soliton. The overall intracavity
power can be inferred by adding the bistability curves resulting in the black curve.
(figure 13). To demonstrate that the comb is indeed coherent, initial work focused on recording the transient beat
notes, as show in figure 7. A key experimental technique that confirmed that operation in the regime where solitons
can be supported, was the addition of a Pound-Drever-Hall error signal, that was added to the pump laser. This
enabled to determine, during the laser scan, the effective laser detuning, i.e. the laser detuning from the thermally
and Kerr shifted resonance. In these experiments the low noise regime was revealed to occur on the effectively
red-detuned side of the cavity resonance. Access to the soliton state in steady state was compounded however by
thermal effect76, as red-detuned operation is not thermally stable. To nevertheless stably access the DKS state
an optimized laser tuning scheme24, and later "power kicking"18 was developed that allowed overcoming the rapid
temperature changes, associated with the discontinuous steps, and with the fact that the strong pump laser is tuned
of the unstable, red-detuned side of the cavity resonance. Fortuitously, if this laser ramp is applied the soliton can be
stably accessed: indeed, in the presence of a DKS the stability can be restored, as the soliton is a solution of the upper
branch, being effectively blue detuned (and thus thermally stable76), while the continuous wave pump laser is in the
unstable red-detuned region, but far detuned from cavity resonance. Applying this novel laser detuning technique
allowed to stabilize soliton states and to prove unequivocally the observation of combs that are associated with soliton
femtosecond pulses23,24. This work also accessed all the important DKS states.
IV Dissipative Kerr Solitons in Photonic Integrated microresonators
Upon demonstration of DSK in crystalline resonators, an immediate outstanding and open question was, to which
extent stable DKS could also be accessed in photonic integrated Si3N4 microresonator, in which comb generation with
octave spanning bandwidth (but low coherence) had been demonstrated. Photonic integrated resonators are promising
for actual applications, due to the ability to manufacture the devices wafer scale, the ability to chip integrated higher
level of optical or electrical functionality and to allow integration with on chip lasers. Yet, SiN resonators exhibited
lower quality factor and also significantly more irregularities in the resonators’ dispersion. Such avoided mode crossing
induced effects have been observed to hinder access of DSK formation in crystalline resonators95. An open question
was therefore if the significantly higher powers, along with resonator mode dispersion imperfection allow access to
DSK states in photonic chip based microresonators. A key development to observing DKS in photonic chip based
microresonators was the development of dispersion profiles with minimal influence of avoided mode crossing. However
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Figure 13. Experimentally observed spectra and corresponding temporal traces obtained with the FROG (frequency resolved
optical gating) technique in MgF2 microresonators for 1,2 and 3 dissipative Kerr soliton states. Figure adapted from24. Note
the sech2 soliton fit for the single soliton spectra, covering three orders of magnitude in relative optical power. For multi-soliton
spectra the characteristic interference is observable giving rise to the patterns in the optical spectrum.
even in these cases, access to the soliton state was compounded by the very short duration (ns) of the soliton steps.
The first DKS comb state was accessed, along with the observation of Soliton Cherenkov radiation, i.e. a dispersive
wave, almost 2 years later (see Fig. 15). The access of the soliton required a new method "power kicking" to be
developed, as well as samples with significantly improved resonator dispersion, i.e. the absence of avoided mode
crossings18. In this work it was possible to generate 2/3 of an octave from a 1550 nm pump laser, and in particular
observe the formation of a dispersive wave. The theory and experiment showed excellent agreement, except for
the absence of a dispersive wave recoil, that was compensated by the later understood Raman self frequency shift.
Upon stable access of the DKS state in SiN, the results were extended in other integrated platforms. Today soliton
micro-combs are routinely obtained in many other laboratories and in myriad of resonator platforms.65,66,86,96,97. Of
all platforms SiN has witnessed remarkable advances in the last years, and enabled photonic chip-scale frequency
combs with the largest level of on chip integration (see Fig. 16). Moreover, SiN combs have been applied to optical
frequency synthesis, coherent communications, ultrafast distance measurements and spectrometer calibration. Most
recently battery powered, on chip DKS combs have been demonstrated, highlighting the technological readiness level.
V Conclusion
In this paper we have outlined the research history of two topics, namely the LLE and broadband Kerr frequency
combs, that are related by an intrinsic link. From a historical viewpoint, the relation is not of the kind which
links a cause to an effect, because the experimental discovery of Kerr combs was realized without the awareness and
connection to the LLE. The observation of DKS however have linked these two research topics, and and has given
major significance to the LLE within the context of soliton Kerr frequency combs, and likewise has given a new highly
relevant technological application scenario to the field of pattern formation, which is uncommon in the vast area of
pattern formation, in which theoretical and experimental investigations have typically been of purely fundamental
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Figure 14. From chaos to solitons. Internal angular intensity distribution in a Kerr microresonator when the detuning is
gradually changed from blue to red: I – no comb, only CW power at pump frequency, II – Turing pattern, associated with
primary comb formation, III – chaotic regime associated with secondary combs formation and interaction, IV – switching to
soliton state with interacting breathers, V – two stable dissipative Kerr solitons.
character. From the perspective of soliton micro-combs, temporal pattern formation is the underlying Physics that has
brought major advances, enabling soliton micro-combs to be used for dual comb spectroscopy98, counting the cycles
of light99, terabit per second coherent communication at the sender and receiver side100, soliton based ultrafast
distance measurements101,102 as well as astrophysical spectrometer calibration for exo-planet searches103,104 and even
make fully photonic integrated frequency synthesizers105. Soliton microcombs have the potential to make frequency
comb technology portable, chip integrated and sufficiently compact to be widely deployed. This example shows that
sometimes the scientific evolution is not linear but complex, and it is in a sense reassuring to see that some seeds are
not lost but mature over long periods of time, when the technological progress allows, because science is essentially a
collective process, and proceeds as a river flow which transports knowledge in ways that it is impossible to identify
while it occurs, but can only be recognized a posteriori. It is also interesting to observe that the criterion of simplicity,
followed in the construction of the LLE, has turned out to be visionary with respect to achievements realized two
decades later.
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Figure 15. First experimental evidence for DKS formation in photonic chip based microresonator (January, 2015). Panel (A)
shows the transmission past a Si3N4 microresonator, revealing very short steps (Panel B). The RF beat note associated with
these steps show a characteristic collapse, indicative of a low noise comb state. Panel (D) shows the dispersion of the resonator,
revealing anomalous GVD with little influence of mode crossings. Figures adapted from Brasch et a. Science 2016.
Figure 16. Single DKS formation in a photonic chip based Si3N4 optical microresonator. Figure adapted from Brasch et al.
Science 2016.
1 Turing, A. M. The chemical basis of morphogenesis. Philosophical Transactions of the Royal Society of London B: Biological
Sciences 237, 37–72 (1952).
18
2 Nicolis, G. & Prigogine, I. Self-organization in nonequilibrium systems. From dissipative structures to order through fluctu-
ations (Wiley, 1977).
3 Haken, H. Synergetics: an Introduction (Springer-Verlag, Berlin, 1977).
4 Prigogine, I. & Lefever, R. Symmetry breaking instabilities in dissipative systems. ii. The Journal of Chemical Physics 48,
1695–1700 (1968).
5 Lugiato, L. A. Transverse nonlinear optics – introduction and review. Chaos, Solitons & Fractals 4, 1251–1258 (1994).
6 Lugiato, L. A. & Lefever, R. Spatial dissipative structures in passive optical-systems. Physical Review Letters 58, 2209–2211
(1987).
7 Lugiato, L. A., Prati, F. & Brambilla, M. Nonlinear Optical Systems (Cambridge University Press, Cambridge, 2015).
8 Haelterman, M., Trillo, S. & Wabnitz, S. Dissipative modulation instability in a nonlinear dispersive ring cavity. Optics
Communications 91, 401–407 (1992).
9 Brambilla, M., Castelli, F., Gatti, A., Lugiato, L. A. & Prati, F. Instabilities and quantum-noise reduction in nonlinear-
optical mixing, vol. 41 of Nonlinear Dynamics and Spatial Complexity in Optical Systems, 115–136 (Scottish Univ Summer
School Physics Publications, Edinburgh, 1993).
10 Castelli, F., Brambilla, M., Gatti, A., Prati, F. & Lugiato, L. A. The lle, pattern formation and a novel coherent source.
The European Physical Journal D 71, 84 (2017).
11 Gibbs, H. M., McCall, S. L. & Venkatesan, T. N. C. Differential gain and bistability using a sodium-filled fabry-perot-
interferometer. Physical Review Letters 36, 1135–1138 (1976).
12 Bonifacio, R. & Lugiato, L. A. Instabilities for a coherently driven absorber in a ring cavity. Lettere Al Nuovo Cimento
21, 510–516 (1978).
13 Bonifacio, R., Gronchi, M. & Lugiato, L. A. Self-pulsing in bistable absorption. Optics Communications 30, 129–133
(1979).
14 Segard, B., Macke, B., Lugiato, L. A., Prati, F. & Brambilla, M. Multimode instability in optical bistability. Physical
Review A 39, 703–722 (1989).
15 Jones, D. J. et al. Carrier-envelope phase control of femtosecond mode-locked lasers and direct optical frequency synthesis.
Science 288, 635–639 (2000).
16 Udem, T., Holzwarth, R. & Hänsch, T. W. Optical frequency metrology. Nature 416, 233–237 (2002).
17 Del’Haye, P. et al. Optical frequency comb generation from a monolithic microresonator. Nature 450, 1214–1217 (2007).
18 Brasch, V. et al. Photonic chip?-based optical frequency comb using soliton cherenkov radiation. Science 351, 357–360
(2016).
19 Akhmediev, N. & Karlsson, M. Cherenkov radiation emitted by solitons in optical fibers. Phys. Rev. A 51, 2602–2607
(1995).
20 Maleki, L. et al. High performance, miniature hyper-parametric microwave photonic oscillator. In 2010 IEEE International
Frequency Control Symposium, 558–563 (2010).
21 Matsko, A. B. et al. Mode-locked Kerr frequency combs. Opt Lett 36, 2845–7 (2011).
22 Herr, T. et al. Universal formation dynamics and noise of Kerr-frequency combs in microresonators. Nature Photonics 6,
480–487 (2012).
23 Herr, T., Brasch, V., Gorodetsky, M. L. & Kippenberg, T. J. Soliton mode-locking in optical microresonators.
arXiv:1211.07733v1 (2012).
24 Herr, T. et al. Temporal solitons in optical microresonators. Nat Photon 8, 145–152 (2014).
25 Wabnitz, S. Suppression of interactions in a phase-locked soliton optical memory. Opt. Lett. 18, 601–603 (1993).
26 Nozaki, K. & Bekki, N. Solitons as attractors of a forced dissipative nonlinear schrodinger-equation. Physics Letters A
102, 383–386 (1984).
27 Kaup, D. J. & Newell, A. C. Solitons as particles, oscillators, and in slowly changing media: A singular perturbation theory.
Proceedings of the Royal Society of London Series a-Mathematical Physical and Engineering Sciences 361, 413–446 (1978).
28 Chembo, Y. K. & Menyuk, C. R. Spatiotemporal Lugiato-Lefever formalism for Kerr-comb generation in whispering-
gallery-mode resonators. Physical Review A 87, 053852 (2013).
29 Godey, C., Balakireva, I. V., Coillet, A. & Chembo, Y. K. Stability analysis of the spatiotemporal Lugiato-Lefever model
for Kerr optical frequency combs in the anomalous and normal dispersion regimes. Physical Review A 89, 063814 (2014).
30 Coen, S., Randle, H. G., Sylvestre, T. & Erkintalo, M. Modeling of octave-spanning Kerr frequency combs using a
generalized mean-field Lugiato-Lefever model. Optics Letters 38, 37–39 (2013).
31 Lamont, M. R. E., Okawachi, Y. & Gaeta, A. L. Route to stabilized ultrabroadband microresonator-based frequency combs.
Optics Letters 38, 3478–3481 (2013).
32 Coen, S. & Erkintalo, M. Universal scaling laws of Kerr frequency combs. Optics Letters 38, 1790–1792 (2013).
33 Grudinin, I. S. et al. High-contrast Kerr frequency combs. Optica 4, 434–437 (2017).
34 Kippenberg, T. J., Holzwarth, R. & Diddams, S. A. Microresonator-based optical frequency combs. Science 332, 555–559
(2011).
35 Herr, T., Gorodetsky, M. L. & Kippenberg, T. J. Dissipative Kerr solitons in optical microresonators. In Grelu, P. (ed.)
Nonlinear Optical Cavity Dynamics: From Microresonators to Fiber Lasers, 129–162 (Weinheim: Germany, Wiley, 2016).
36 Savchenkov, A. A., Matsko, A. B. & Maleki, L. On frequency combs in monolithic resonators. Nanophotonics 5, 363 (2016).
37 Chembo, Y. K. Kerr optical frequency combs: theory, applications and perspectives. Nanophotonics 5, 214–230 (2016).
38 Pasquazi, A. et al. Micro-combs: A novel generation of optical sources. Physics Reports 279, 1–81 (2017).
39 Ikeda, K. Multiple-valued stationary state and its instability of the transmitted light by a ring cavity system. Optics
Communications 30, 257–261 (1979).
19
40 Moloney, J. V. & Gibbs, H. M. Role of diffractive coupling and self-focusing or defocusing in the dynamical switching of a
bistable optical cavity. Physical Review Letters 48, 1607–1610 (1982).
41 Mc Laughlin, D. W., Moloney, J. V. & Newell, A. C. Solitary waves as fixed points of infinite-dimensional maps in an
optical bistable ring cavity. Physical Review Letters 51, 75–78 (1983).
42 Lugiato, L. A. & Lefever, R. Diffraction stationary patterns in passive optical systems. In Alzetta, G., Arimondo, E.,
Bassani, F. & Radicati, L. (eds.) Interaction of Radiation with Matter. A Volume in Honour of A. Gozzini (Scuola Normale
Superiore, Pisa, 1987).
43 Lugiato, L. A. & Castelli, F. Quantum noise-reduction in a spatial dissipative structure. Physical Review Letters 68,
3284–3286 (1992).
44 Dutt, A. et al. On-chip optical squeezing. Physical Review Applied 3, 7 (2015).
45 Gatti, A., Brambilla, E. & Lugiato, L. A. Quantum imaging. In Wolf, E. (ed.) Progress in Optics, vol. LI (Elsevier
North-Holland, Amsterdam, Amsterdam, 2008).
46 Kolobov, M. I. The spatial behavior of nonclassical light. Reviews of Modern Physics 71, 1539–1589 (1999).
47 Grynberg, G. et al. Observation of instabilities due to mirrorless 4-wave mixing oscillation in sodium. Optics Communica-
tions 67, 363–366 (1988).
48 Gomila, D. & Colet, P. Transition from hexagons to optical turbulence. Physical Review A 68, 4 (2003).
49 Gomila, D., Jacobo, A., Matias, M. A. & Colet, P. Phase-space structure of two-dimensional excitable localized structures.
Physical Review E 75, 10 (2007).
50 Scroggie, A. J. et al. Pattern formation in a passive Kerr cavity. Chaos, Solitons & Fractals 4, 1323 (1994).
51 Coullet, P., Riera, C. & Tresser, C. A new approach to data storage using localized structures. Chaos 14, 193–198 (2004).
52 Tlidi, M., Mandel, P. & Lefever, R. Localized structures and localized patterns in optical bistability. Physical Review
Letters 73, 640–643 (1994).
53 Firth, W. J. et al. Dynamical properties of two-dimensional Kerr cavity solitons. Journal of the Optical Society of America
B-Optical Physics 19, 747–752 (2002).
54 Lugiato, L. A. Introduction to the feature section on cavity solitons: An overview. IEEE Journal of Quantum Electronics
39, 193–196 (2003).
55 Ackemann, T., Firth, W. J. & Oppo, G. L. Fundamentals and applications of spatial dissipative solitons in photonic devices.
In Arimondo, E., Berman, P. R. & Lin, C. C. (eds.) Advances in Atomic, Molecular, and Optical Physics, Vol 57, vol. 57,
323–421 (Elsevier Academic Press Inc, San Diego, 2009).
56 Firth, W. J. & Weiss, C. O. Cavity and feedback solitons. Optics & Photonics News 13, 54–58 (2002).
57 Barland, S. et al. Cavity solitons as pixels in semiconductor microcavities. Nature 419, 699–702 (2002).
58 Coillet, A. & Chembo, Y. On the robustness of phase locking in Kerr optical frequency combs. Optics Letters 39, 1529–1536
(2014).
59 Okawachi, Y. et al. Octave-spanning frequency comb generation in a silicon nitride chip. Optics Letters 36, 3398–3400
(2011).
60 Grudinin, I. S., Baumgartel, L. & Yu, N. Frequency comb from a microresonator with engineered spectrum. Opt Express
20, 6604–9 (2012).
61 Johnson, A. R. et al. Chip-based frequency combs with sub-100 GHz repetition rates. Opt. Lett. 37, 875–877 (2012).
62 Saha, K. et al. Modelocking and femtosecond pulse generation in chip-based frequency combs. Optics Express 21, 1335–1343
(2013).
63 Jung, H., Xiong, C., Fong, K. Y., Zhang, X. & Tang, H. X. Optical frequency comb generation from aluminum nitride
microring resonator. Optics Letters 38, 2810–2813 (2013).
64 Pfeifle, J. et al. Coherent terabit communications with microresonator Kerr frequency combs. Nature Photonics 8, 375–380
(2014).
65 Joshi, C. et al. Thermally controlled comb generation and soliton modelocking in microresonators. Opt. Lett. 41, 2565–2568
(2016).
66 Wang, P.-H. et al. Intracavity characterization of micro-comb generation in the single-soliton regime. Opt. Express 24,
10890–10897 (2016).
67 Coen, S. & Haelterman, M. Competition between modulational instability and switching in optical bistability. Optics
Letters 24, 80–82 (1999).
68 Coen, S. & Haelterman, M. Continuous-wave ultrahigh-repetition-rate pulse-train generation through modulational insta-
bility in a passive fiber cavity. Optics Letters 26, 39–41 (2001).
69 Kippenberg, T. J., Spillane, S. M. & Vahala, K. J. Kerr-nonlinearity optical parametric oscillation in an ultrahigh-Q toroid
microcavity. Physical Review Letters 93, 83904 (2004).
70 Savchenkov, A. A. et al. Low threshold optical oscillations in a whispering gallery mode CaF2 resonator. Physical Review
Letters 93, 243905 (2004).
71 Armani, D., Kippenberg, T., Spillane, S. & Vahala, K. Ultra-high-q toroid microcavity on a chip. Nature 421, 925 (2003).
72 Leo, F. et al. Temporal cavity solitons in one-dimensional Kerr media as bits in an all-optical buffer. Nature Photonics 4,
471–476 (2010).
73 Leo, F., Gelens, L., Emplit, P., Haelterman, M. & Coen, S. Dynamics of one-dimensional Kerr cavity solitons. Optics
Express 21, 92180 (2010).
74 Jang, J. K., Erkintalo, M., Coen, S. & Murdoch, S. G. Temporal tweezing of light through the trapping and manipulation
of temporal cavity solitons. Nat Commun 6 (2015).
20
75 Schmidberger, M. J., Novoa, D., Biancalana, F., Russell, P. S. J. & Joly, N. Y. Multistability and spontaneous breaking in
pulse-shape symmetry in fiber ring cavities. Optics Express 22, 3045–3053 (2014).
76 Carmon, T., Yang, L. & Vahala, K. J. Dynamical thermal behavior and thermal self-stability of microcavities. Opt. Express
12, 4742–4750 (2004).
77 Braginsky, V. B., Gorodetsky, M. L. & Ilchenko, V. S. Quality-factor and nonlinear properties of optical whispering-gallery
modes. Physics Letters A 137, 393–397 (1989).
78 Klyshko, D. N. Photons and Nonlinear Optics (Gordon and Breach Science Publishers, 1988).
79 Del’Haye, P., Arcizet, O., Schliesser, A., Holzwarth, R. & Kippenberg, T. J. Full stabilization of a microresonator-based
optical frequency comb. Physical Review Letters 101, 053903 (2008).
80 Savchenkov, A. A. et al. Tunable optical frequency comb with a crystalline whispering gallery mode resonator. Physical
Review Letters 101, 93902 (2008).
81 Foster, M. A. et al. Silicon-based monolithic optical frequency comb source. Opt. Express 19, 14233 (2011).
82 Levy, J. S. et al. CMOS-compatible multiple-wavelength oscillator for on-chip optical interconnects. Nature Photonics 4,
37–40 (2010).
83 Razzari, L. et al. CMOS-compatible integrated optical hyper-parametric oscillator. Nature Photonics 4, 41–45 (2010).
84 Moss, D. J., Morandotti, R., Gaeta, A. L. & Lipson, M. L. New cmos-compatible platforms based on silicon nitride and
hydex for nonlinear optics. Nature Photonics 7, 597–563 (2013).
85 Hausmann, B. J. M., Bulu, I., Venkataraman, V., Deotare, P. & Loncar, M. Diamond nonlinear photonics. Nature Photonics
8, 369–374 (2014).
86 Yi, X., Yang, Q., Yang, K. Y., Suh, M. & Vahala, K. J. Soliton frequency comb at microwave rates in a high-Q silica
microresonator. Optica 2, 1078–1085 (2015).
87 Li, J., Lee, H., Chen, T. & Vahala, K. J. Low-pump-power, low-phase-noise, and microwave to millimeter-wave repetition
rate operation in microcombs. Phys. Rev. Lett. 109, 233901 (2012).
88 Matsko, A. B. et al. Whispering gallery mode oscillators and optical comb generators. In Maleki, L. (ed.) Proceedings of
the 7th Symposium Frequency Standards and Metrology, 539–558 (2009).
89 Barashenkov, I. V. & Smirnov, Y. S. Existence and stability chart for the ac-driven, damped nonlinear schrodinger solitons.
Physical Review E 54, 5707–5725 (1996).
90 Gorodetsky, M. L. 492. WE-Heraeus-seminar on micro & macro-cavities in classical and non-classical light. http://goo.
gl/tmniGm (2011).
91 Matsko, A. B., Savchenkov, A. A., Strekalov, D., Ilchenko, V. S. & Maleki, L. Optical hyperparametric oscillations in a
whispering-gallery-mode resonator: Threshold and phase diffusion. Physical Review A 71, 33804 (2005).
92 Agha, I. H., Okawachi, Y. & Gaeta, A. L. Theoretical and experimental investigation of broadband cascaded four-wave
mixing in high-Q microspheres. Optics Express 17, 16209–16215 (2009).
93 Chembo, Y. K. & Yu, N. Modal expansion approach to optical-frequency-comb generation with monolithic whispering-
gallery-mode resonators. Physical Review A 82 (2010).
94 Hansson, T., Modotto, D. & Wabnitz, S. On the numerical simulation of Kerr frequency combs using coupled mode
equations. Optics Communications 312, 134–136 (2014).
95 Herr, T. et al. Mode spectrum and temporal soliton formation in optical microresonators. Physical Review Letters 113,
123901 (2014).
96 Liang, W. et al. High spectral purity Kerr frequency comb radio frequency photonic oscillator. Nature Communications 6,
7957 (2015).
97 Grudinin, N., I. S. Yu. Towards efficient octave-spanning comb with micro-structured crystalline resonator. Proceedings of
SPIE 9343, 9343–9 (2015).
98 Suh, M.-G., Yang, Q.-F., Yang, K. Y., Yi, X. & Vahala, K. J. Microresonator soliton dual-comb spectroscopy. Science 354,
600–603 (2016).
99 Jost, J. D. et al. Counting the cycles of light using a self-referenced optical microresonator. Optica 2, 706–711 (2015).
100 Marin-Palomo, P. et al. Microresonator-based solitons for massively parallel coherent optical communications. Nature 546,
274 (2017).
101 Suh, M.-G. & Vahala, K. J. Soliton microcomb range measurement. Science 359, 884–887 (2018).
102 Trocha, P. et al. Ultrafast optical ranging using microresonator soliton frequency combs. Science 359, 887–891 (2018).
103 Obrzud, E. et al. A microphotonic astrocomb. arXiv preprint arXiv:1712.09526 (2017).
104 Suh, M.-G. et al. Searching for exoplanets using a microresonator astrocomb. arXiv preprint arXiv:1801.05174 (2018).
105 Spencer, D. T. et al. An optical-frequency synthesizer using integrated photonics. Nature 557, 81–+ (2018).
